Profile decompositions for critical 
Lebesgue and Besov space embeddings 

Gabriel S. Koch 

Oxford University 
kochQmaths. ox. ac. uk 

June 18, 2010 

Abstract 

Profile decompositions for "critical" Sobolev-type embeddings are es- 
tablished, allowing one to regain some compactness despite the non-compact 
nature of the embeddings. Such decompositions have wide applications to 
the regularity theory of nonlinear partial differential equations, and have 
typically been established for spaces with Hilbert structure. Following 
the method of S. Jaffard, we treat settings of spaces with only Banach 
structure by use of wavelet bases. This has particular applications to 
the regularity theory of the Navier-Stokes equations, where many natural 
settings are non-Hilbertian. 



In this article, we characterize the causes for the lack of compactness in cer- 
tain embeddings of Banach spaces. In particular, one can re-write a bounded 
sequence in such a way that it is obvious why there fails to be a convergent 
subsequence (even in the weaker space). Once the defects of compactness are 
thus identified, it is often possible to isolate them and regain some aspects of 
compactness. 

This useful tool for re- writing bounded sequences is known as a "decomposi- 
tion into profiles" (typically after passing to a subsequence) , the "profiles" being 
the typical obstacle to compactness - specifically, norm-invariant transforma- 
tions of fixed non-zero elements of the space. Since these elements are fixed 
(for the whole sequence) one can think of them as "limits" which can replace 
the need for an actual convergent subsequence. This is particularly useful in 
the study of nonlinear partial differential equations, where the natural setting is 
often that of such Banach spaces, and the convergence of certain sequences cor- 
responds to establishing the existence of certain solutions to the equation being 
considered. In fact, it is primarily for this purpose that such decompositions 
have historically been established. 
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As we have just intimated, such a program is not new. Patrick Gerard [T^ 
was probably the first to do this and treated the embedding H''{R'^) ^ L'^{R'^) 
for s > and an appropriate q > 1. It is typical that such decompositions 
are established for spaces of functions defined on W^, since the invariance of 
under translations and dilations leads to the typical defect of compactness of 
the embedding (see below). Later, Stephane Jaffard [13] extended the work of 
Gerard (although with slightly less specific results) to H'''P{'R.'^) L''(R'') for 
s > and appropriate p,q > 1. His proof was somewhat technically different 
from [12], and he was able to move to the non-Hilbertian setting (i.e., spaces 
not based on L^) by use of wavelet bases. There have of course been many 
other works on profile decompositions, see for example [H |31 [3 [HI [T71 [T51 
to name only a few. 

In this article we follow the method of Jaffard to prove similar decompo- 
sitions for the embedding ^ Br^q for p > 2, where Br^q'' is any one of a 
family of Besov spaces for r,q > p with a particular negative index of regularity 
Sp^r- Of course, in general these spaces are non-Hilbertian and are therefore well 
suited to the method described in [13] . As an indication of the generality of the 
method (and with specific applications in mind which we'll describe momentar- 
ily) , we show how similar results may be obtained as well for embeddings of the 
type Ua^q ^ B^"^'' . We also clarify, correct and improve some of the arguments 
in [13) , for example showing that a compactly supported wavelet basis is not 
needed and more carefully detailing the relationships between the "orthogonal 
cubes" in the construction. 

The method of establishing profile decompositions using wavelet bases is ac- 
tually quite general and can be applied to many embeddings between spaces of 
Besov or Triebel-Lizorkin type, which we plan to present in a unified and hope- 
fully simpler way in the upcoming work [1]. Our motivation for studying the 
particular embeddings in this work now are their applications to the regularity 
theory of the Navicr-Stokes equations, which we'll now proceed to describe. 

In [inj, regularity results for Navier-Stokes were established based on the 
profile decomposition of Isabelle Gallagher [10] (based in turn on [12]) in the 
setting of H^iM.^). Perhaps a more natural setting for these equations is the 
space L'^{R'^), however in that work (and others, see e.g. [26]) the more spe- 
cial setting of was investigated. This is partly because much theory (such 
as [12]) has been developed in the setting, and partly because the Hilbert 
structure of L^-based spaces makes the analysis somewhat simpler. In the non- 
Hilbertian setting, somewhat different methods are in general required. The 
results and methods presented below will make it possible to move to the more 
natural (non-Hilbertian) settings in the Navier-Stokes framework (see, e.g., the 
upcoming work jllj where we shall give extensions of |19j and |26| in the more 
natural setting), and hopefully in the study of other PDEs as well for which _ff* 
is not the only interesting or natural setting. 
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Navier- Stokes is of course not the only application of interest. As we men- 
tioned above, using profile decompositions has become quite a common ap- 
proach in the study of many nonlinear partial differential equations in "critical" 
function-space settings, see e.g. HH [HI HSl HB ISHl US] to name only a few, 
where the existence of a profile decomposition implies various regularity results 
for solutions of the PDE. Until the recent work [19], the methods had been 
applied exclusively to dispersive and hyperbolic PDE where the Hilbertian H'^ 
settings were the natural ones. It was therefore natural to perform the analy- 
sis of the parabolic Navier-Stokes equations in [12] in a similar setting, namely 
7?2(R3)^ and moreover until now the more general LP theory was not available. 
The application of the results in this paper to Navier-Stokes in the natural set- 
ting of will be addressed soon in [TT], in the same spirit as [T^]. This 
will give a different proof of the well-known and difficult result in [9] (see also 
[3), that the L'^(K^) norm of a solution to Navier-Stokes must become infinite 
near a singularity (the result of [19] treated the special case of blow-up of the 
stronger iJ^ norm). 

It is interesting to note as well that profile decompositions (which we will 
describe below) can also be used (see |12j ) to recover the existence of minimizers 
in the classical Sobolev embeddings, a fact established by P. L. Lions [22 in the 
'80s using his method of "concentration-compactness" . 

Let us finally outline now what a profile decomposition is. The principle 
defect in the lack of compactness of many embeddings X ^ Y of homogeneous 
spaces of functions defined on K*^ comes from the following example: For some 
non-zero element f & X and a > 0, for any n S N and x S M'' define 

= (A^^ (^) ' 

where A„ > and Xn G R'^. The spaces and the scaling constant a will be 
such that = and ||/„||y = WfWr (when the scalings of the spaces 

coincide in this way we call the embedding "critical" - in the context of PDE 
this usually means moreover that the scaling is a natural one for the equation). 
Moreover, X and Y are such that if either lim„_j.oo A„ G {0, oo} or A„ = 1 and 
lim„^oo \xn\ = oo, then /„ ^ in X and Y. Then one has sup„gpj ||/n||jf = 
< oo, yet clearly one cannot have any subsequence which is strongly 
convergent (necessarily to zero) in Y since ||/„||y = ||/||y > 0. A profile 
decomposition for bounded sequences in X is a way to show that the lack of 
compactness of such embeddings comes in general from linear combinations of 
the above type of "profile" example. Moreover, the profiles do not interact with 
each other in ways which might "cancel" the defect of compactness caused by 
each one. 
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The main example we study here is the following: Suppose 2 < p < q,r < oo 
and set Sp^r ■= ~ ^) < 0- Then Lp(U.^) ^ Br^q"' and we have the following 
profile decomposition for bounded sequences in LP(R''): 

Theorem 0.1. Let be a bounded sequence in i^(M'*). There ex- 

ists a sequence of profiles {4>i}'i^i C LP{M.'^) and for each / G N a sequence 
{Un' ^n)}n'=i C Z X Z'^ , both depending on such that, after possibly pass- 

ing to a subsequence in n, 



(0.1) 



Unix) = J2(2^-r/PM2'-x - ki) + rliix) 
1=1 



for any L £N where the following properties hold: 

1. For I ^ the sequences {(ji,fcjj)} and {(ji,fcJi)} are orthogonal in the 
following sense: 



(0.2) 



log (2(^"-^"))| + |2(^"-^")fcj:-fci 



^ +00 



2. The remainder r^ satisfies the following smallness condition: 
(0.3) hm (ih^ \\rf:h^^.A=0 



3. There is a norm \\ ■ ||iP(Kti) which is equivalent to \\ ■ ||LP(R£i) such that for 
each n (z N, 

oo 

(0.4) ^||(2^")'^/P<A,(2^-^x-fci)y^,(j,,)< lim 

^ ^ n'— >oo 

and for any L E N, 

(0-5) hnW LP (R") < \\Un\\ LP {R") + °{^) aS n ^ OO . 



The orthogonality property (|0.2p implies exactly that the interaction between 
the profiles {4>i} (after the norm- invariant transformations) becomes negligible 
as n oo (see e.g. (TUIIIS] as well as discussions below). Properties (10. 4p and 
(|0.5p can be thought of as "stability properties" of the profile decomposition in 
terms of the sequences from which they are derived. We also comment here that 
the norm introduced in (|0.4p - (10.51) may not have the same transformational 
invariance as || ■ ||iP(Rd), but (10. 4p does imply that there exists some universal 
constant C > such that 

oo 
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due to the invariance of the usual L''(M'^) norm under the transformations on 

in (|0.4p . One could alternatively define a new 0/ 
adjust {[in, fcjj)} in the obvious way) to obtain (I0.6|) with the norm || • ||i;,p(Rrf) 
and C = 1 (plus all the previous properties), which gives a more standard and 
useful property (see e.g. |llj). With minimal adjustments, a similar theorem 
about bounded sequences in Besov norms (which also has applications to Navier- 
Stokes, see [TT]) is also seen to be true, see Theorem 13. II 

As mentioned above, the method of proof we will use follows that of [13], 
using the "wavelet" norms || • |lLP(K'i)j II • lis'?''-; etc., which are based on the 
expansion of functions in all spaces in one unconditional wavelet basis (and are 
equivalent to the standard norms). Roughly, one extracts and categorizes the 
"largest" wavelet components of it„ in an exhaustive manner, which decreases 
the norms of m„ in a "largest" space Z (consisting simply of functions with 
bounded wavelet coefficients) while the norms in the "smallest" space X (e.g., 
L^iW^-)) remain bounded. In fact, the remainder must tend to zero in Z due to 
properties of "nonlinear (wavelet) projections" . Then an interpolation inequal- 
ity of the form ||/||y < 11/11^11/11^"" for some "middle" space Y (e.g. Y = B'fg" 
and X ^Y Z) completes the main part of the proof. 

Acknovirledgements: The author would like to thank Professors Albert 
Cohen, Isabelle Gallagher and Stephane Jaffard for many helpful discussions. 

This work was supported by the EPSRC Science and Innovation award to 
the Oxford Centre for Nonlinear PDE (EP/E035027/1). 

1 Preliminaries 

We'll start with the following facts regarding wavelet bases (see e.g. [7], [24] : 
see also [1] and [2T] for divergence- free wavelet bases): 

Fix any m G N. Denote 

A = (i, j,fc) e {1,...,2'' - 1} X Z X Z'' =: A . 

There exists a real- valued set of function^{(/?(*)}i<i<2d_i c C"'(M'*)U(np>iLJ'(M'')) 
such that ipx = lyjj*^ defined by ^p\{x) = 2^ ip^^\2^ x — k) is an orthonormal basis 

f^L\W) ^ / = ^CA^A, where ca = cj-^ := / • / ■ 
AGA ' -^R" 

^In fact, one can take G CJ", but we do not presently require compact support of the 
basis functions. 
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Moreover, we have the fohowing equivalences of norms for other function spaces: 



(1.1) 



LP(R<*) — II/IIlp(R'*) 



for 1 < p < oo where X5 is the indicator function of the cub^ S — S{X) = S^''^ = 
{x G M'^ I 2ix ~ke[0, 1)'*} (note that \Si-'' \ = 2"*), and 



(1.2) 



l/ll 



2J(-+'i(|-i))||c« 



for 1 < a, 6 < oo so long as \s\ < m. Here and in what follows we use the 
notation A{f) ~ B{f) whenever there exists c > independent of / such that 
c~^A{f) < B{f) < cA{f) and A{f) < B{f) if at least the first inequality holds. 



In particular, we have 



l^-./,=sup2^-'^(^-^)|c«| 
xeA 



when m > d, which motivates us to define ay,^ :— 2-' " Cj f. and Va by 

ip\(x) = 2-''^^'p~'^^ ipx{x), so that for a given / one may write / — '^xCx^fix = 
X^A '^aV'a- With these definitions, we have the equivalence 



(1-3) Wfh 

so that in particular 
(1.4) 

and 



11/11 



(1.5) 



LPiW) — II/IIlp(R'') 



l^-d/p = sup |a^-'^| 



5:|a«|^2f^X.(-) 
. AeA 



LP(K'*) 



Note that for any (i, j, k) e A, by (|1.5p we have 



(1.6) 



-,(») IP - 



Hence LJ'(M'') Boo"?^, and for {u„} C iP(M'') with u„ = J2\a\n^\ we see 
that 

(1.7) sup ||u„||ip(ffid) < C =^ sup ||u„||^-d/p = sup |aA,n| < C , 



Note that these cubes correspond roughly to the "supports" of the tpx^- 
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i.e. boundedness in Lp{M.'^) implies uniform boundedness of the wavelet coeffi- 
cients by (fTi]) . 



We'll need the following two facts regarding the wavelet coefficients of elements 
of LP(M''): 

Proposition 1.1. Let {a\} correspond to some f G LP(R'^). Then there exists 
some Aq G A such that sup;^^^ Ioa] = I^AoI- 

The proposition is a simple consequence of (jl.5l) , but for the convenience of the 
reader we give a proof in the Appendix, see Proposition lA.ll 

For the second fact, we will need the following definition of "nonlinear pro- 
jections": 

For any u G Bocf,^ and G N, we'll say Pn{u) G Pn{u) if P7v(w) = J2m=i o-\^'4ix„ 
for some ordering {\m}m=i of ^ such that 

oo 

(1.8) u = Q^AmV'Am and I^Aml > |aA,„+i| Vm > 1 . 

m— 1 

Note that (|1.8p is always possible by Proposition ll.il We'll say that Qn{u) G 
Qn{u) if QNiu) — u — Pn{u) for some Pn{u) G Pn{u). Pn is a "nonlinear 
projection" onto the A^ "largest wavelet components" of a function, and Qat is 
the remainder after such a projection. 

Lemma 1.2. There exists C = C{p,d) > such that for any M > and 

N eN, 

M 

sup \\QN{u)\\g-d/p < C—Yj- . 

||u|Up < M, A /P 

Qn{u) e Qn{u) 

Proof: Fix any u G ^^(R'^) with ||-u||ip < M, fix {A„} satisfying (HH]) and 
set Qn{u) = YZ=N+i aA^V-A™- Note that, by (HU) and (HH), 

(1-9) \\QN{u)\\g-d/p c± |aA„_^J < min JflA^I . 

^oo,oo l<m<N 

By (|A.4|) of the Appendix we know ^ i3°p, so by (11.31) there exists C = 
C{p, d) > such that 

(I-IO) l|aA||£p(A) < C\\u\\Lp^Rd) 

Now combining (|1.9I) and (|1.10[) we see that 



^- IIQjvlu)!!^-./,)" < ( I^^™!") II«a||^p(a) <ch|U.(K.) < CM 



\'m—l 
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and the lemma is proved. □ 

We remark here that if one uses the embedding Bafq" ^ with b := 

max{a, q} which is a simple application of Bernstein's inequalities (jA.3l) and 
properties of f spaces, one easily deduces the similar inequality 

(1.11) sup ||Q^(,,)|| <C-^. 

Qn(u) e Qiv(tO 



2 Main Results 

Fix p,q,r £R such that 2<p<g,r<oo and set Sp^r '■= — i). Then by 
Proposition lA. 31 of the Appendix, there exists a G (0, 1) and C — C{d,p, q, r) > 
such that 

(2.1) <Ch||2.(M.)h||g/p 

for any u e LP{R'^). Note that LP{R'') ^ Br'^q'' B^\(^ (see Appendix A). 
Proof of Theorem [0^1 

Suppose ||un||Lp(B'i) < C', ||u„||2,p(Rd) < C, for all n e N for some C, C > 0, and 
write Un = X^asA ^^^^ ^^^P ^^^^ ^® design an iterative process 
for describing the sequence which will allow us to establish (jO.ip - (jO.Sp of 
the theorem. 



2.1 Extraction/iteration procedure 



(Iterate 0:) 

RecaUing (11.71) . if lim„_>oo ||un||^-<i/p = 0, then by (|2.ip we can write m„ = r° 
with lim„_yoo Iknlls^'p '' — Oj and the statement of the theorem follows. 

We suppose therefore that lim„^oo ||un||^-£i/p 7^ 0, and move to the first iterate: 

Iterate 1: 



By Proposition ll.il for each n e N, there exists A^^ G A such that 

|aAi I := |aAi,n| = max|aA,ri| . 
" " AeA 

By (|1.4p and our assumption on ||u„||^-d/p, we may pass to a subsequence such 
that, for some fixed ii G {1, . . . , 2^^ — 1} and ai ^ 0, 

(2.2) \\ = {njl fci) V n e N and a^i > ai • 
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For what follows, let us fix some notation for convenience: 

If t{x) ^ax-b^ ^ for some a, A G IR\{0}, b,B e WK, denote 

(2.3) (r/)(x) a'''Pf{T{x)) and |r| | log A| + \B\ . 
Note that 

(2.4) n{T2f) = {T2 0T,)f 

for any such ri , T2 . 

With this notation, we may write 

where ti^„(x) := 2^"x — fc,\, and u,\ is just it„ minus one of its wavelet compo- 
nents (i.e., axi^ipxi^) whose coefficient has the largest possible modulus. There- 
fore hiWg-^/p < \\un\\s-d/p <Chy (HH). 

Suppose lim„^oo ||Unll o-ti/p = 0. Then we may write 
where lim„^oo Ikrills'",'' = by (|2.ip as follows: 

Write = {a\i^ — ai)'ip\i^ + u^^, which is just u„ after replacing the coeffi- 
cient a>>i of tp\i^ by a\i — ai which is small for large n by (|2.2p . Using ()1.4p and 
(|1.5p , we therefore see that 

Ikill ^-''/P < ll^nll B-'^/P ^ 

and 

lkrJlLP(R<i) < ll"rJI-LP(R'') < ^ 

for large n. The statement now follows from (|2.1I) . 

We have now shown that the statement of the theorem follows when lim„_^oo g-d/p = 
0. We suppose therefore that lim„^oo A-d/p ^ 0, and move to the next it- 
erate: 

Iterate 2: 

By Proposition 11.11 applied to uj^, for each n £ N, there exists G A\{A^} 
such that 

\ax2 I := |aA2.„| = max \ax.n\ ■ 

AeA\{A^} 
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By (|1.4p and our assumption on ||u^||^-d/p, we may pass to a subsequence such 
that, for some fixed Z2 G {1, . . . , 2"* — 1} and 02 7^ 0, 

(2.5) \l ^ {i2,jl, kl) V n e N and ax2 > . 

Setting T2.„(a;) := — kf^, we can write 

Suppose that Um„^oo ||'i'nllB-''/p — 0. Let t^''^^ := T2,„ o Tj";^ and note the 
following two possibilities (recall (12.31) '): 

(2 1) 

(a) |r„ ' I — > +00 as 00, i.e., "r„_i and r„,2 are orthogonal" and 

Un = Ti,„ (aiV^^^^) + r2,„ (a2V^''^') + rl 

with lim„^oo ll^'fJI b"''-'' ~ by (|2.1[) . (12.21) and (|2.5p in a way similar to the 
estimate for in Iterate 1. Note that this means the profiles aiTp'^'^^'^ and 
Q(2^/;(*2) "live far" (in distance of supports or in scale) from each other after 
the transformations ri_„ and T2,n respectively, and hence any interactions 
between the transformed profiles become negligible as n — > 00. 

(b) After possibly passing to a subsequence, |tA | < C < cx) for all n. We 
calculate: 

r^^''\x) = T2,„(2-^"(x + fci)) ^ 2^"(2-^"(:r + k^) kl = 

- 2^" -■'-a; -Ik" - 2J"-^"A;M - ^ - (2^"""'"^' - ^n) 
so (|2.3p gives 

|log2^"-^"| + |2^"-^"fc2„fci|<c. 

Note therefore that jn~3n = i'"^'^'' for infinitely many n for some j^^^^-* € Z, 
and then k^ — 2-'*^'^'fc^ = 6*^^'^^ for infinitely many of those n for some 
^(2,1) g ^]-^g jT^^^^-j. ^j^g^^ g^j.g working on lattices. We may 

therefore pass to a subsequence so that 

T^^'i' = t(2^i) = const for aU n e N, 

with 

t(2'1)(x) = 2^'''''x-6(2'1) . 
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Recalling (j2.4p . we may now write 



— n,n 

= Tl.n 

= 
— 



Comparing the last two lines, we can again show that lim„^oo W^nW 5°^' 
in a similar way to Iterate 1 using (|2.ip . (12.21) and (I2.5p . 



This concludes Iterate 2, and the statement of the theorem follows if lim 
If not, we would move on to the next iterate. 



n-s-oo II "nllf 



Let us however pause here (before giving the full induction argument for further 
iterates) to give some geometric meaning to this dichotomy. For m = 1,2, note 
that |^™| = (2^-'" and (5™ (which corresponds to the location of ?Aaj') has 
2~^" fc™ as its "center" (more precisely, the location of the "corner" located 
closest to the origin). 

Possibility (a) means that either 

(i) the sizes of the cubes (5^ and Sf^ are incomparable as n — 00; that is, 

2 

2-J" 



log 



2' A 



log 2^" 



00 



or 



(ii) they have comparable size 2~-''> c± 2^^" for all n, and the distance between 
the cubes relative to their size becomes infinite as n ^ 00. That is, after 
dilating space by, say, 2-'", bringing their sizes to 0(1), their new centers 
(A:^ and 2-'"~-'"A:^) separate: 



2-^"P-2-jifci 



2-Ji 



n n 



In either case, we see that ipxi^ and V'a^ have negligible interaction for large n. 

Possibility (b) means neither (i) nor (ii) happen, so the cubes have compa- 
rable size and relative (to their size) distance. Note that Tm,nSn'' — [0, 1)'', and 
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we are saying that for a subsequence, after rescaling to 0(1) by, say, r„_i, the 
relative positions of the cubes are constantlf] 

This gives t(^'^Vi^„ — T2^„ t^^'^' = T2,„Tj^^, as we had previously desig- 

nated due to algebraic considerations. 

We will now continue to inductively define all possible iterates. From now 
on, when we pass to a subsequence at the iV"' iterate, we will leave the first N 
sequence elements unchanged, obtaining a "diagonal" subsequence which will 
work for all iterates. 

Suppose, after N iterations, lim„^oo ll^-<i/p ^ for all N' < N, and the 
conclusion of the A^*'' iterate is as follows (and holds for all previous iterates): 

Iterate N: 

Ln /Mn(1) \ 

(2.6) = E a,™.<oT(""(')'™^('»V^^'"-'"^ + 

where "^f^i M]y{l) = N, raf^il) are never repeated (i.e., mfj_{l) — m^j_>{l') 

m = = e{i,...,2'^-i}, 
and 

for some ^ z, C"^'^ G Z'' and 6(™^(0,™i(0) £ g^^^^ ^j^^^^ 

the following hold: 

1. For each fj. and I, 

2. jr^'^'^ - jr'^'^ = jC^MC),™!!')) = const for aU n e N, 

3. C^(" - 2^('"^'"""^""C^^'^ = = const for aU n S N, 

4. T„^(0,n^~'(z),„ = r(™-«'™i(')) = const for ah n e N, 
(4. is a consequence of 2. and 3.) 

^Note that this was stated slightly inaccurately in I13| — we hope that this explanation 
clarifies the matter. 
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5. for any I ^ I', 

(2-7) \^m,ii),nr-\i,)J +00 , 

6. jflA"! I := la^m „| = max \ax „| for any m G N, and 

7. there exists am^(i) G IR^\{0} for each /i and I such that 
(2.8) a,m^(i) > «m„(n • 

Note that in Iterate 2, case (a) we had the above with L2 ~ 2, M2(l) = ^2(2) = 
1, mi(l) = 1 and mi(2) = 2, and Iterate 2 case (b) was L2 = 1, Af2(l) = 2, 
mi(l) = 1, m2(l) = 2. 

If hm„_j.oo ||w^||g-d/p = 0, then the statement of the theorem follows as be- 
fore by writing 



N 

n 7 



comparing (|2.9p with (|2.6p and estimating as in Iterate 1 and Iterate 2 using 
(jTB and (1^ . 

Therefore we assume again that lim„_yoo \\u^ ll^-^/p 7^ 0, and move to the next 
iterate: 

Iterate N+1: 



We pass to a subsequence so that 

" n— s-oo 

where |a^N+i| := |a_)^N+i — ||M^||^-d/p for each n and 
for all n for some fixed in+i £ {1, . . . , 2'' — 1}. 

Let TM+i,n{x) ■■= 2^"^'x - fc,^+i and define _ T7v+i,„t";;^^^;^^^ for 

/ = 1, . . . , ijv. We then have the following two possibilities: 

(a) |t-^^+^'™i(')) I s. for all / e {1, . . . , L^r}. In this case, we set 

iw+i = -^w + 1, Mm+i{Lm+i) ~ and mi(LAr+i) = TV + 1 
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which gives (|2.6p with N replaced by A''+l with all the required properties. 
That is, we start a new function in slot L^r + 1 so that u„ is a composed 
of rescalings of + 1 functions (as opposed to Ln functions as in Iterate 
N), the new function being a^N+iil;^^"+^\ (These functions become con- 
stant in n after writing this in the form of (j2.9p . the new function being 

(b) There is some {1, . . . ,Ln} and C > such that, for some subsequence, 
|^^N+i.mi(0)| < foraUnGN. 
In this case, we pass to a subsequence so that 

with r(^+^^'"i(')) defined in a way analogous to 2., 3. and 4. of Iterate N 
with m^{l) replaced by iV + 1 and I replaced by I everywhere else. We 
then set 

Ln+1 = Ln, Mn+i{1) = Mm(1) + 1 and TOa/^+UD =N+1 . 

That is, we still have re-scalings of Ljy functions as in Iterate N, and we 
just add the new component, a^N+iip-^N+i, to the l^^ one so that the Z"^ 
term in the sum in (|2.6p becomes 

Afjv(r) _ _ \ 

and all others remain the same. 

In either case, if lim„_j.oo ll'"^^^!!^-''/? = 0, the statement of the theorem follows 
as in Iterate N. If lim„_j.oo ||'"^!!^^"'^|| r,-<i/p ^ then we move to Iterate N+2 and 
so on, so we have now inductively defined all possible iterates. 




2.2 Proof of properties (lOJ^ - (lOb and (l031) 

If lim„_>.oo ||u^||^-d/p = for some TV G N then we stop the iterations at 

IterateN and the main statement of the theorem follows (with r,^ = r^, etc., 
for large L). 

Therefore we suppose now that lim„^oo ||w^llg-<i/p 7^ for all iV G N, and 
we pass to a diagonal subsequence so that the statements in Iterate N hold for 
all G N (without changing subsequences). 
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Let Loo := limw^oo Ln and Moo{l) ■= limAr^oo Mn{1) for any I £ [1, Loo] n N. 
Then for any L E [1, Lqo] H N we write 



If Moo(l) < oo for some I, the term in the parentheses in (|2.10p is a well- 
defined element of L''{R'^), since it is a wavelet expansion with only finitely 
many components. Hence we have also 

Afoo (/) 

(2.11) (j)i J2 am^(/)^^"''^'^'"'^'^V^''"''<"' e iP(M'^) 

by the invariance of the usual LP{M.'^) norm under Tmj(;) „. 

If Moo{l) = +00 then (II. 5p and Fatou's lemma (along with the boundedness 
of {un}) imply (pi G ^^(M'*) as well, a fact we leave to the Appendix. Indeed, 
apply Lemma 1X41 of the Appendix with — a^„^(i), = A™"^'^ and C = C. 

Property (|0.2p is clear from our construction, so we must now show that 



which will establish (|0.3p . for which we turn to Lemma FOl 

Let us first assume that Loo — +oo (the case Loo < +oo is even easier). 

Note first by standard embeddings (see the Appendix) that we have 




(2.10) 





OO 




p 




P 



< CP for all n e N , 



m— 1 



SO by Fatou's lemma we have 




oo 



hence 



(2.12) 



lim la- 



. 



■m 



■oo 
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We will need this fact in what follows. 



Fix any L G N. For any N large enough that > L (recall we are assuming 
Loo — +00), by (j2.6l) we can write 



N 



which gives 



Ln /Mn(1) 
/=1 \ 



L IMMil) 
!=1 \ p=l 



L / A/o= (/) 

(2.13) !=1 \^=Afjv(/) + l 

Ljv /Mn{1) 
l=L+l \ M=l 

=: I- 11 + III + IV 

(where if L = Lat or Mn{1) — Moo{l), we replace the appropriate sum by zero). 
We'h estimate, using the embedding LP(]R'*) ^ Br^f , 

(2.14) llr^lls^P... < ||/||lp(k.) + ||//L.(M^) + limb,!-- + ll^^llBf-- ■ 
We claim, in fact, that this leads to an estimate of the form 

(2.15) Ik^lls^..- < eN.Lin) + el{N) + el{n) + , 

Np 



where 



(2.16) 



lim EAT Lin) = \f N,L en , Mm el{N) = y L e N 
and lim e| = where e| := lim e|(ri) . 

L—^oc n— foo 



In this case, the desired estimate on is proved as follows: For any e > 0, there 
exists Z G N such that e? < e/3 for any Lq > L. For any such Lq, there exists 
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A^o = ^o(-^o) £ N large enough that Lno > Lo and niax{e[ (Nq), CN^ ^Z^} < e/3. 
Hence by (j2.15p - p.l6p . for any e > there exists L €N such that, for all Lq > L, 

(J 

lim Il'n"lli3=-- < lim I ^No.LoH + ei„(^o) + ei„(«) + — 



n—^oo 



^0 



^0 



which is exactly (10.3 



Let us pause here to address (|0.5p as well: It is clear that /// + IV is just 
Un with some of its wavelet components removed. Therefore, using p.Sp and 
(|2.13l) - (|2.15p . we can estimate 

WrnhpiW) < '^N,L{n)+€l{N) + ||w„||ip(Rd) 

and hence for any e > 0, by taking first N large and then n large, we see by 
(|2.16l) that for any i e N we have 

knllLP(R'') - ll'«n||LP(Rd) < £ 

for n sufficiently large which establishes (|0.5p . 



Turning back to the proof of (|0.3p . we'll now estimate individually each term of 
(|2.14p . Note first the following important change of variable formula: 

For any / and M and any numbers a^(n) possibly depending on n, we may 
write 

(2.17) f; |a,(n)p2f ^■"^"x^„,<o(a:) = 2f ^<"xK2^"^''x - C^^'^) 
where 

M 

(2.18) UV) = E l«MHP2f ^■""''"'■'"^'^\,<„,<o,™.(i„(2/) 



and 



(see the proof of Lemma [A.4p . Recall that xs is the characteristic function of 
the cube 5, and note that xi is bounded with compact support for each and 
of course is independent of n. 
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Estimate of I: 



Using (|1.5|) and (|2.17|) . for any I G {!,...,£} the change of variable y 

, mill) 

2->-^ X — kn gives 



Mm (I) 



2 2d -(m^CO.^MCl)) , s . , 



< 2 



„ 2d -(m^CiJ.m^Cl)) 
2 P 



X5(™^,(!),."m(i)) (y) / dy<&<(x, 



for aU 71 sufficiently large, depending on iV, and the last inequality is clear from 
the proof of Lemma IA.4I Lebesgue's Dominated Convergence Theorem now 
gives that the integral on the left tends to zero as ti -> oo for fixed TV, hence, 
after summing from 1 to L (L < oo), we have 

l!i"||Lp(M'') < ^Nxin) with lim eN,L{n) = 

as desired. 
Estimate of II: 

Similarly, for / G {1, . . . , L}, we have 



~p 



< 



Al=AfN(0 + l 



X5(™M(o.™M(i))(y) > dy 



^=1 



X5(™^,(0,™M(i))(y) )• dy<CP<<x 



uniformly in by Lemma [A. 41 Now, again by Lebesgue's Dominated Conver- 
gence Theorem, the left-hand side tends to zero as A^ oo. Summing from 1 
to L, we have 

||//||lp(r^) < ^LiN) where lim eL(A) = 
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as desired. 
Estimate of III: 

Since /// is just u„ after replacing some of its wavelet coefficient by zero, ()1.5p 
gives 

(2.19) ll/Z/L^R'') < Wunhnm^) < c ■ 

Note that, by our construction, mi(Z) is increasing with I and mf^{l) is increasing 
with /i for each fixed I. Therefore, since also \a\^ \ is monotonically decreasing 
in m for each fixed n, we see that 

which is independent of N . Since mi{L + 1) — s> +00 as L ^ 00, (|2.12p gives 

(2.20) \\^^^\\i3^'J^ ^ ^L{n) , 
where 

(2.21) lim ( lini €L{n) \ = lim |a„ (i+iJ =0 . 

L— s-oo \n— s-oo / L^oo 

The desired estimate now follows from (|2.19p - (|2.2ip and the interpolation in- 
equality (P?T|) . 

Estimate of IV: 

Similarly, ||u^||ip(Rd) < ||w„||LP(R<i) < C, and since G QN{un), Lemma 
Ogives ||w^||^-d/p < CN-^/P for some C > 0, independently of n. The de- 
sired estimate now follows from (j2.ip . 

Estimate (|2.15p is now proved, and defining as in (|2.1ip . we have 

L 

u„ = 'Vt„j(,).„0z +r^, with lim ( lim ||r^ ) = 

l=\ 

thus establishing (|0.ip - (|0.3p of the theorem in the case = 00. The case 
Loo < cxD is even easier; starting with L = L^o from the beginning, the term 
/// completely disappears from ()2.13p so that hm„^oo Hb^^ '' = by the 
considerations above. 

2.3 Proof of 

We now turn to the proof of (10. 4p : 

For convenience, let's define 

A° = (0,0,0) , a^o = ao - V^^") = /o."h(0) ^ ^(o,m,(0) ^ g ^ 
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and replace both Loo and Moo[l) by oo by making the convention that in case 
either is finite, we set mf^{l) — whenever I > Lao or fi > Moo(l). 

With this convention, we can write 

oo oo 

(2.22) Un = J2Y. V.oT^^W.n^^''"''"'^ ' 

1=1 p,=l 

which is just a particular ordering (depending on n), of the wavelet components 
of Un ■ Therefore (11.51) gives 

p 

/[' oo oo ^ 2 

EE IV-«l'2^-''"'"x,™.<o(x) dx = < 
[ 1=1 Al=l " "J 

uniformly in n. A change of variables as in ()2.17p and an application of Lemma 
lA. 41 shows that for any / e N (recall p.lip i. 



(2.24) 



kmi(;),n'/'/llp = |E '"'"^'Wl^^'p^"" Xgi^^mix)j dx = 

P 

{OO 2 



for any n G N - that is, within each profile one can replace the wavelet coefh- 
cients by their pointwise limits. What we want to show now is that 



oo 

E hmi(i),n(l)i\\l < liminf ||M„i|^; 

^ — ' ^ n— >oo ^ 

1=1 



which is (|0.4p . and at this point we have established that all quantities are well- 
defined. 

To simplify notation, let's denote 

(2;) := 2 p ^" Xgr^^mix) and rj^"-' (y) := 2 p ^ Xs'.^^.m.^^ii)){y) ■ 

Truncating ()2.23p and ()2.24p to finite sums, Fatou's lemma applied as in Lemma 
Em yields 

L I. ( M L . f M ^5 

E / E K^Ml'r^y) dy < hminf ^ / J] |a^„,<o Pr)'^-'(y) dy. 
1=1-' {fi=i ) 1=1-' {tj,=i ) 

We claim moreover that 

L I. ( M I. ( L M ~|5 

E/ EK;r-<'>l'<'(^) rf^-/ EElV'"!''?"'^^) dx+ei(n), 
1=1'' " J I i=i ;i=i " J 
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where lim„^oo = 0. (This is simply the quantity on the right of the pre- 

vious Une after a change of variable.) Let us postpone this claim for the moment. 

Using (|2.23p to bound the last term above by + £i{n) and inserting this 

into the previous inequality we have 




Now that both sides are independent of n, using Fatou's lemma to let M — ^ oo 
and then letting L — cx) and using identity (I2.24p yields (|0.4p as desired. 



We are reduced therefore to showing that 

lim lL,Min) 



lim 



(2.25) 



1 1=1 p=l " "J 

1=1'' U=i " "J 

Note first that if p = 2, (|2.25p is trivial so we may assume that p > 2. 



We'll use the elementary inequality (see, e.g., equation (1.10) in 12 ) that for any 
L e N there exists a constant Cl = Cl{p) > such that for any {Ai} C [0, oo). 



(2.26) 



2 L 



a=i 



1=1 



We can therefore estimate the function in ()2.25p using ()2.26p and the notation 
of (PT7| and (Pl^ as 

lL,M{n)<CLY.l'^''{n) 

i^i' 

with 



2do] 



(We have absorbed the coefficients |a^mj,(i)|^ into the constant since they con- 
verge and hence are uniformly bounded.) Fix / and and set the notation 



(2.27) x:;''Hu;):=2^""<'^'-^"^"^'w + 
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for w G M and any G N. Then by appropriate changes of variables, we see 
(2.28) 

= (2^^^'"-^^'"o''^7x.(.!:-'w)x[«-^\.)rf- 

By orthogonahty of r,„j(;) „ and t„i(;')^„ (i.e. (j2.7p . recaU (j2.3p ). there are two 
possibihties: 

1. One of the pre-factors in (|2.28p tends to zero in which case (n) — as 
n — > oo since the functions in the integrands are bounded with compact 
support. 

2. Both pre-factors are bounded, hence 

2^" ^" e(ci,C2) Vn 
for some C2 > ci > 0, and 

In this case, in light of (|2.27p we see that (n) = for sufficiently large 
n, since the supports of the two functions in the integrand in (|2.28p become 
disjoint. 

Summing over a finite number of I and I' concludes the proof of (|2.25p and of 
the theorem. □ 

Note that we did not need to use the compact support of the ■0'^*^ (as was 
emphasized in [13 ), only the compact support of the functions xs (in fact, 
Xs S LP{R'^) would have been sufficient) and the relation (|1.5p . Hence, any 
well- localized basis functions would be sufficient for our purposes (e.g., the 
divergence- free wavelet bases of ^ or [H]). 

3 Other applications of the method 

We can similarly (and in fact, more easily) deduce the following as well: 

Fix any p g [— oo, 4-oo]\{0}, and for any a > 1 set Sp^a § ^ §■ Bernstein's 
inequalities (jA.Sp immediately give us Bafg" ^ whenever 1 <a<6<+oo 
and 1 < q < r < +oo. (The choice of p dictates the common scaling of these 
spaces, which coincides with that of LP{R'^) when p > 0.) If, moreover, we have 
the slight improvement that r > ^g, the methods used to prove Theorem 10.11 
easily enable us to prove the following similar result: 
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Theorem 3.1. Let {wnj^i be a bounded sequence in Da.q ■ There exists a 
sequence {4ii}f^i C Bafij" and for each ^ S N a sequence {(j^, C Z x , 

both depending on {un}, such that, after possibly passing to a subsequence in n, 



(3.1) 



1=1 



for any L e N where the following properties hold: 

1. For I 7^ V , the sequences and {(ii,fcjj)} are orthogonal in the 

following sense: 



(3.2) |log(2(^"-^"))| + |2(^"-^")fci'-fci 



-5- +00 



2. The remainder satisfies the following smallness condition: 



(3.3) 



lim ( lim ||r,^ 



= 



3. There is a norm || ■ ||^fp^a which is equivalent to || • ||^sp.a such that for 
each n S N, 



< lim 



(3.4) ||(|l(2^")'^/^0/(2^"x-A:i)i^..^.)^^^ 

where r :— maxja, q}, and for any L £ N, 

(3.5) Ikn lis''?-" < llwnlls'p-" + °(1) as n oo . 



The proof of Theorem 10.11 depended in part on the "improved Sobolev-type" 
embedding inequaHtj0 (|2.ip . The shght improvement on the distance between 
r and q is to allow us the following inequality, proved in Proposition IA.31 which 
is the analogue of (|2.ip : 



(3.6) 



The proofs of statements p.ip . (13. 2p . p.3p and (13. 5p are similar to (and, in 
fact, simpler than) the proofs of the analogous statements in Theorem lO.ll so we 
will neglect the details (see also [1]). We will just mention that inequality (|3.6p 
will replace inequality (|2.ip , and one can replace the inequality in Lemma 11.21 
by (jl.lip . This takes care of the key ingredients of the improved Sobolev-type 
inequality and the decay of non-linear wavelet projections. 



*We believe moreover that in many settings of this type one can complete the proofs 
without explicitly using such an improved embedding inequality. This will be addressed soon 
in [J. 
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As a technical point, we also briefly mention the following: Whereas in the 
proof of Theorem 10. II one often needed to use Fatou's Lemma twice, once for an 
L'^-type norm and once for an £'-type norm (for example in the proof of Lemma 
IA.4P , in the case of Besov spaces one proceeds in the same way but now both 
are ^'-type norms due to (|1.3p . and so one no longer has to be cautious about 
pointwise limits in M.'^. In this case, the "change of variables" which allows the 
use of Fatou's lemma comes from the fact that within each profile, one can "shift 
the labels" on the coefficients in a way depending on n so that when one takes 
the Besov norm the only dependence on n is in the coefficients (and not on the 
order in which they are summed). 

We turn therefore to the proof of (|3.4p . the proof of which is necessarily different 
since one cannot use the orthogonality of the scales and shifts which appear in 
the profile decomposition because our norms do not involve a space variable, 
only wavelet coefficients. This will be compensated by the natural orthogonali- 
ties in the wavelet basis in spaces of the type given by (ll.3p . 

The proof is due to the following basic inequality: 

Suppose A is decomposed into a disjoint union of sets Ei: A — l)°^iEi, and 
suppose f = ^ fx^\ & Ba'^q" ■ Then one has 



( 






oo 

1 


< 






AeBi 


X/ 


1=1 




AeA 



where || ■ \\x '■= \\ ■ H^'p." and r := max{a, g}. The inequality is a simple conse- 
quence of properties of r spaces and definition (|1.3I) . 

Letting Ei correspond to the wavelet components of Un which contribute to 
the rescaling of the I'th profile ipi at a certain step of the iteration process, and 
bounding the term on the right by the full expansion of m„, taking limits and 
using Fatou's lemma gives the desired result. We refer the interested reader to 
the upcoming work [T] for more details. 

A Appendix 

In this appendix we collect some known propositions regarding wavelets and 
embeddings of Besov and Lebesgue spaces, as well as a lemma (Lemma IA.4P 
which is necessary for the proof of our main theorem. 

Proposition A.l. Let {ax} correspond to some f G LP{M.'^), and for ^ > 
denote A^ := {A e A | |aA| > A }. Then #(A^) < oo for any A > 0. (In 
particular, 3Ao G A such that sup;^^^ IoaI = IqaoU 

(For a countable set we are denoting by #(r2) the number of elements in il.) 
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Proof: 



Fix ^ > 0, and suppose to the contrary that ^{Aa) = +00. 

Suppose that there exists {Am — {im,jm,km,)} C Aa such that jm —00 
as m — 00. Then \6m\ = |^(Am)| +00 (recall that 5{X) is the cube associated 
to j and if A = (z, j, k) and has volume 2"'*') and we can pass to a subsequence 
so that |<5(Am)| increases so quickly that 

(A.l) |<S(")|>i|<5(A„0| = i.2-*" , 

where we define J^™^ <5(A,„)\ U™j/ (5(A„). Then for any iV > 2, 
(A.2) 

» r 00 f N+i „ ( 00 ~j 

ii/r..(M^) ^ / E i«Aj^2f-x.. > E / E i«Aj^2f-x.,„ 

> E / {|«amI'2-^-x5^.} > E t = ' 

which implies (letting iV — >■ 00) that ||/||lp(R'') = +00 contrary to assumption. 

Similarly, if there exists {Am} C A^ such that j,n — > +00, for fixed N > 2 
we can pass to a subsequence (depending on N) so that |(5(Am)| ^ rapidly 
enough that (jA.l|) holds for 2 < m < + 1 after reversing the order of the first 
+ 2 elements of the sequence. By (|A.2p therefore we have ||/||^p(^jjd-) > A^^ 
which is false for a suitably large A^ depending on /. 

Hence i and j can take only finitely-many values for A G A^i, so ^{Aa) = +00 
implies that there exists {Am} C A^ such that \km\ — > +00. Passing to a sub- 
sequence so that jm = j = const and |fcm| — ^ +00 sufficiently rapidly we can 
ensure that the Sm are mutually disjoint, so J'™-* = dm for all m. Equations 
IjA.ip and (|A.2p then again contradict the assumption that / G Lp{R'^) and the 
proposition is proved. □ 

For the following two propositions, we will use the Littlewood-Paley descrip- 
tion of Besov and Triebel-Lizorkin spaces in terms of the frequency localization 
operators Aj, where Aj f is supported in a neighborhood of {|^| = 2-'} for j G Z. 
For example, one defines the Besov spaces by = ||2''-' || Aj/||iT-(Rd) ||^^^^^. 

Proposition A.2. Fix p,q,r e M such that 2 < p < q,r < 00, and set 
Sp r := (i(i — i) (note Sp^r < 0)- Then 
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Proof: 

Note first by Bernstein's inequalities that 

(A.3) 2^"''(^-^)||A,/||l.-(e<<) < I|A,/|Up(k.) 

for 

1 < p < r < +00 . 
Taking £<> norms of both sides of ((O)) gives B B'^f . 

Note now that ||/||LP(R<i) ^ ll/llj^o^ = IKEj l^j/P}^ IIl3'(r<*)- Using the sim- 
ple fact that ||cj||f°° < ||cj||£c for any a > implicf0 that \\cj\\ib < WcjW^o. for 
< a < 6 < 00, we have 



{5:iA,/r}'(.)<{5:iA,/p}^. 



for any x G R'', as long as p > 2. Taking LP{M.'^) norms of both sides, Fubini's 
theorem now gives 



(A.4) 



11/11 



< II/IIf^", < II/IIlp 



LP 



Since 0<p<(7<oo, we see therefore that 

if (M'^) ^ ^ Bl^ ^ i?^-- 
and the proposition is proved. 



□ 



Proposition A.3. Suppose 2 < p < q,r < (x. Then for any a G {max{^ ,-}, 1) , 
there exists C — C'{d,p,q,r,a) such that 



Proof: 

Fix such an a and set a := ra, b := qa. Since 
P 

- < a < 1 =^ I < a < r , 
r 

Holder's inequality gives 

2Mi-^)||A^./||, < [2^<^(i-t)||A,/|u]" [2-^f ||A,/||, 

^Indeed, a > and ^ g Jq, 1] gives ||cj = || |cj I"*""" |cj | ~ < || |cj | f || joc || |cj | 'C < 

IllCjl^ll^b = \\Cj\\ia. 
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Writing this as e^j < ^"j^ooj^ have 
which means that 

But by ProDOsition lA.21 ||/|| ^sp,a < ||/||LP(R<i) provided only that 2 < p < a,b < 

+00. This is exactly guaranteed by our assumptions on a, and the proposition 
follows. □ 

Finally, we prove the following crucial lemma: 
Lemma A. 4. For each n, define <j>n G LP{M.'^) by 

MSN 

and suppose the following are satisfied: 

1. There exists C > such that \\4>n\\p < C for all n G N, 

2. for each fi G N, there exists G M such that a'^ ^ as n ~> 00, and 

3. for each fi G N, there exists j^'^'^) G Z and 6(^'^' G M'' such that 

=j('''i) and fc^^-2^'"''fci =6(^'i) for all n E N , 

and — {ifj,j^, k^) for some if_, G {1, . . . , 2*^ — 1} for all eN. 

Then ^„ := E^gn^'^'^aSJ e L''{R'^) for any n G N anrf i/iere exists cj) G ^^(M'') 
SMc/i that (pn = Tn i(f) for all n G N. 

Proof: 

Note that 

= {2^iix-k!;^E[0Ar} 

= {2^"+J"<""'a; - 2^'"-"/fci - M^^^' G [0,1)'* } 

= {2j'"'"(2J"a; - fci) - M^'i) G [0, l)"* } 

= {T(^'i)(T„,i(a;)) G [0,1)'^ } 

= (r„,i)-i[(r(^^i))-i([0,l)'^)] 

where t'^'^'^^x) 2j''''"x - fe^'^'i). Defining S'^''^^^ := (t(^'1))-1([0, 1)''), we can 
now easily see that 

Using now the change of variables y — Tn,i{x) — 2^"x — k}^, we see that 
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p/2 „ r ^ p/2 

X5(A',i)(T„,i(a;)) ^ dx = 



Note now that the only dependence on n in the last integral is in the terms al^. 

Fix first any y € M'' such that the following is finite for every n (it is true 
almost everywhere because 0„ e implies /„ is finite for each n, and a count- 
able union of sets of measure zero has measure zero), and write 

where a is the discrete measure. By Fatou's Lemma, we have 
/ {liminf|a(:|22VJ*"''x5(M.i)(y)|rfa(/x)<hminf / |<|22f ^""^.f,,,) (y)da(M) 
hence 

|E|an^2f^<^'\,<.,,(y)|^ < {liminfEl<p2f^<-\,,.,,(,)}^ = 

= liminf{^|aj:|22f^'^'\,<,a.(y)}* ■ 

n— 7-00 L-"^ — ^ J 

Integrating now on both sides of the previous inequality in y and applying 
Fatou's lemma again with respect to the usual Lebesgue measure on W^, we 
have 

^ ^= / |E l«''l'2^^""''x*(.,i)(y)| dy < liminf /„ 

and we know by equivalence of the wavelet norms and the usual Lebesgue norms 
that /„ < ||(/>ra||p < C hence 7 < C < oo. Changing back to the variable a; in 7 
(which gives the same formula as the original definition of 7„ as an integral in 
X only with ai^ replaced by a^), we see again by the equivalence of norms that 
ll^"llp ~ -'^ < (If o'^^ is uncomfortable considering the wavelet expansion 
of a potentially non-cxistcnce clement of U'{W^)^ one can alternatively show 
that the relevant sequences of partial sums are Cauchy by similar calculations 
to obtain the existence of 

It is obvious from the setup that T~\(j)n is independent of n, hence the last 
statement in the claim. Indeed, we must have 

and the lemma is proved. □ 
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